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We study the zero-frequency current noise of the interacting resonant level model for arbitrary
bias voltages using a functional renormalization group approach. For this we extend the existing
nonequilibrium scheme by deriving and solving flow equations for the current-vertex functions.
On-resonance artificial divergences of the latter found in lowest-order perturbation theory in the
two-particle interaction are consistently removed. Away from resonance they are shifted to higher
orders. This allows us to gain a comprehensive picture of the current noise in the scaling limit. At
high bias voltages, the current noise exhibits a universal power-law decay, whose exponent is, to
leading order in the interaction, identical to that of the current. The effective charge on resonance
is analyzed in detail, employing properties of the vertex correction. We find that it is only modified
to second or higher order in the two-particle interaction.
I. INTRODUCTION
Remarkable advances in nanotechnology open up the
possibility to explore transport beyond the linear re-
sponse regime in experimentally well-controlled situa-
tions. Among nanoscale conductors, quantum dot sys-
tems have attracted much attention, as they offer a ver-
satile arena in which to study nonequilibrium transport
phenomena of interacting fermions. At sufficiently low
temperatures, transport is dominated by quantum me-
chanics. In addition, the local two-particle interaction
results in fascinating many-body effects, often accompa-
nied by the emergence of new energy scales. A generic
nonequilibrium setup is given by a quantum dot coupled
to several leads with different chemical potentials.
The interacting resonant level model (IRLM) is a
prominent example in which strong correlations play
an essential role.1 It describes a single-level quantum
dot dominated by charge fluctuations which are affected
by the local two-particle interaction of dot and lead
fermions. The IRLM was originally introduced as a close
relative of the Kondo model,1 and, since then, many
studies have been performed to elucidate its nonlinear
transport properties.2–9 These have shown that universal
features appear in nonequilibrium transport if the lead
bandwidth ∆ is much larger than any other energy scale.
In this scaling regime, the current at large bias voltage
is suppressed following a power law, whose exponent de-
pends on the strength of the local interaction.2–4,6–9
Accumulated knowledge in mesoscopic physics eluci-
dates that the higher order cumulants of the current are
of great importance to characterize the nonequilibrium
transport.10 A vast amount of research on the current
noise has shown that it contains information which can-
not be obtained from conductance measurements, e.g.,
the effective charge.11–14 While a unified picture for the
current in the IRLM has been established by various
methods, the understanding of its higher cumulants is
rather limited for the moment. A major obstacle is the
absence of a general framework to treat the effects of
strong correlations in a nonequilibrium situation. To
compute the current noise, one in general needs to con-
sider the current-vertex function.15 A perturbative ap-
proach to the current noise of the IRLM based on the
Keldysh technique was put forward in Ref. 16. Important
insights into the noise of the IRLM under on-resonance
conditions were gained by utilizing a special symmetry of
this model for a particular interaction strength, which is
known as self-duality.17 This symmetry makes it possible
to map the IRLM to a solvable boundary sine-Gordon
model even in the presence of a driving bias voltage.4
The effective charge of the quasiparticles of the IRLM
at the self-dual point has been investigated using field-
theoretical techniques and the density-matrix renormal-
ization group method.18–20 For the relatively strong in-
teraction at which self-duality is established, the quasi-
particles of the IRLM were found to have effective charge
e∗ = 2e by examining the shot noise,18 which was con-
firmed computing the full counting statistics.19,21 This
has to be contrasted to e∗ = e in the noninteracting limit.
In spite of this remarkable achievement, the bias voltage
dependence of the current noise of the IRLM away from
this self-dual point and off resonance is still an open ques-
tion. In addition, finite temperature effects were so far
not investigated. Considering this situation, it is strongly
desirable to develop a systematic framework to calculate
the current noise and its full counting statistics in general
parameter regimes.
Recently, a functional renormalization group (FRG)
method was developed to describe the nonequilibrium
properties of correlated fermions.22 Logarithmic diver-
gences, which manifest themselves in plain perturbation
theory even in the equilibrium IRLM, are consistently re-
summed employing FRG.6 This method also contributed
to deepen our understanding of the nonequilibrium trans-
port properties of the IRLM.6,7 The renormalization of
the hopping between the dot level and the leads can be
described using a surprisingly simple approximation.6 In
this paper, we utilize the FRG approach to elucidate the
current noise of the nonequilibrium IRLM. In FRG, we
2FIG. 1. (Color online) (a) Schematic picture of the IRLM.
(b) The Keldysh contour.
can obtain the vertex function by deriving and solving
its flow equation. For the level that is on resonance, an
artificial divergence of the vertex correction obtained in
lowest-order plain perturbation theory in the interaction
is removed in the FRG scheme. For off-resonance con-
ditions, a severe divergence, found in perturbation the-
ory if the level energy is aligned with one of the leads
chemical potentials, is shifted to higher orders. These
achievements allow us to gain a comprehensive picture
of the zero-frequency current noise in the scaling limit.
We show that the current noise is governed by universal
power-law scaling in the large bias voltage regime with
an exponent which, to leading order in the interaction,
is the same as that of the current. The effective charge
is discussed by relating it to the vertex correction. We
find that e∗ = e
[
1 +O(u2)] with the dimensionless am-
plitude of the interaction u.
This paper is organized as follows. We describe the
model and outline the FRG scheme to compute the cur-
rent noise in Sec. II. The results for the noise are pre-
sented in Sec. III. A summary is given in Sec. IV.
II. MODEL AND FORMALISM
A. Model
The (two-reservoir) IRLM describes a spinless
fermionic level coupled to delocalized fermions in the left
and right leads. We consider the local repulsion between
the fermion in this level and those in both leads. This
situation can be modeled by a three-site dot system, in
which a particle occupying the central site feels the in-
teraction with the adjacent ones. A schematic picture of
the system is shown in Fig. 1(a). The hopping ampli-
tudes tL/R > 0 between the three-site dot region and the
leads are assumed to be much larger than the intersite
ones, such that the lattice sites 1 and 3 are effectively
incorporated into the leads. The single-site model stud-
ied in the original paper1 is restored in this limit.6,7,23,24
The model is described by the action
S =
3∑
i,j=1
∫
dτdτ ′d¯i(τ)g
−1
dij(τ, τ
′)dj(τ
′)
+
∑
α=L,R
∑
k
∫
dτdτ ′ c¯αk(τ)g
−1
αk (τ, τ
′)cαk(τ
′)
− 1√
N
∑
k
∫
dτ
[
tLe
iAL(τ)d¯1(τ)cLk(τ)
+ tRd¯3(τ)cRk(τ) + H.c.
]
+ SU , (1)
where the isolated lead and dot Green’s functions are
given by g−1αk(τ, τ
′) ≡ [i ddτ ′ − ǫαk] δ(τ, τ ′) and
g−1d (τ, τ
′) =

 i ddτ ′ − (ǫ1 − U1/2) −t12 0−t12 i ddτ ′ − (ǫ2 − (U1 + U3)/2) −t23
0 −t23 i ddτ ′ − (ǫ3 − U3/2)

 δ(τ, τ ′), (2)
respectively, and the interaction part is given as
SU ≡ −
∫
dτ
(
U1d¯2(τ)d2(τ)d¯1(τ)d1(τ)
+U3d¯2(τ)d2(τ)d¯3(τ)d3(τ)
)
. (3)
The argument τ combines the time t and the Keldysh
index ν = ∓ [see Fig. 1(b)]. The symbol ∫ dτ denotes in-
tegration over t and summation over ν. The Grassmann
field d¯i(τ) [di(τ)] creates [annihilates] a spinless fermion
at time t, on the Keldysh contour branch with index ν,
and on lattice site i. Similarly c¯αk(τ) [cαk(τ)] is a Grass-
mann field for creating [annihilating] a fermion in lead
α with momentum k. The Green’s functions in Eq. (1)
must be understood as 2×2 matrices in the Keldysh space
and the addends contain matrix products which are left
implicit. The delta function on the Keldysh contour is
defined as δ(τ, τ ′) ≡ δ(t− t′)σνν′z with the standard Pauli
matrix σz. The energy level of each site is denoted by
ǫi for i = 1, 2, 3, and the hopping amplitude between the
sites 1 (3) and 2 by t12 > 0 (t23 > 0). The energy level ǫi
is defined such that ǫ1 = ǫ2 = ǫ3 = 0 corresponds to the
particle-hole symmetric case. The third term of the ac-
tion Eq. (1) describes the hopping between the quantum
dot and the leads with N sites. In our expressions we
always take the thermodynamic limit N →∞. The aux-
iliary vector potential AL(τ) is incorporated using the
Peierls substitution and later used as a source field to
generate the current-vertex function.25 We choose units
with kB = 1, ~ = 1, and elementary charge e = 1.
3B. Generating functional
The noninteracting reservoirs can be integrated out
yielding the action
S =
3∑
i,j=1
∫
dτdτ ′d¯i(τ)G
−1
0ij(τ, τ
′)dj(τ
′) + SU , (4)
where G−10 (τ, τ
′) ≡ g−1d (τ, τ ′) −Σ−1res(τ, τ ′). The tunnel-
ing self-energy is given as
Σres(τ, τ
′)
=

 t2Lei[AL(τ)−AL(τ
′)]gL(τ, τ
′) 0 0
0 0 0
0 0 t2RgR(τ, τ
′)

 , (5)
with gα(τ, τ
′) = 1N
∑
k
gαk(τ, τ
′). We consider the sys-
tem with a time-independent bias voltage V , which is
applied symmetrically to the leads, i.e., µL = V/2 and
µR = −V/2. Both of the leads are assumed to be in equi-
librium. Since in its bias-voltage-driven nonequilibrium
steady state the system is invariant under timetransla-
tion, we perform a Fourier transform to energy represen-
tation.
As usual in the Keldysh formalism we use the represen-
tation with the retarded (r), Keldysh (K), and advanced
(a) components instead of the one with ν = ∓ if appro-
priate. The component which vanishes in the two-point
Green’s function due to causality but appears for other
vertices (see below) is denoted by K˜. If the source field
AL(τ) is set to be zero, the relevant parts of the tunneling
self-energy are obtained as
Σ
r
res(ω) =


− i∆L
2
0 0
0 0 0
0 0 − i∆R
2

 , (6)
Σ
K
res(ω) =

 i∆L (2fL(ω)− 1) 0 00 0 0
0 0 i∆R (2fR(ω)− 1)

 .
(7)
Here, we use the wide-band limit and define the band-
width, ∆α ≡ 2πραt2α. For simplicity, we assume ∆L =
∆R ≡ ∆, t12 = t23 ≡ t, ǫ1 = ǫ3 = 0, ǫ2 = ǫ, and
U1 = U3 ≡ U ≥ 0. This implies that at particle-hole
symmetry ǫ = 0 transport is resonant. We thus refer to
this case either as the particle-hole symmetric point or
the on-resonance situation.
Following the standard functional integral approach to
quantum many-body physics,25 we introduce the addi-
tional source term
Ss ≡
3∑
i=1
∫
dτ
[
η¯i(τ)di(τ) + d¯i(τ)ηi(τ)
]
, (8)
which allows us to generate correlation functions by func-
tional derivatives. The corresponding generating func-
tional is given by
W [η, η¯, A] ≡ −i ln
∫
D [d¯, d] exp [i(S + Ss)] . (9)
The effective action26 is defined using the Legendre trans-
form as
Γ[〈d〉s, 〈d¯〉s, A] ≡W [η, η¯, A]−
3∑
i=1
∫
dτ [η¯i(τ)〈di〉s(τ)
+〈d¯i〉s(τ)ηi(τ)
]
, (10)
with
〈O〉s ≡
∫ D [d¯, d]O exp [i(S + Ss)]∫ D [d¯, d] exp [i(S + Ss)] . (11)
This effective action acts as the generating functional of
one-particle irreducible vertex functions (e.g., the self-
energy). The vertex expansion of the effective action is
given as
Γ[〈d〉s, 〈d¯〉s, A] =
∞∑
m,n=0
(−1)m
(m!)2
1
n!
m∏
j,k=0
n∏
l=0
∫
dτjdτ
′
kdτ
′′
l γ
(2m,n)
i′1···i
′
m
;i1···im;α1···αn
(τ ′1, · · · , τ ′m; τ1, · · · , τm; τ ′′1 , · · · , τ ′′n )
× 〈d¯i′1 〉s(τ ′1) · · · 〈d¯i′m 〉s(τ ′m)〈di1 〉s(τ1) · · · 〈dim〉s(τm)Aα1(τ ′′1 ) · · ·Aαn(τ ′′n ), (12)
where repeated site indices are summed over. We note that the auxiliary vector potential Aα(τ) is also defined on
the Keldysh contour; i.e., it has the two components A−α (t) and A
+
α (t). Hence, there are in total 2
2m+n components
for the current-vertex function γ(2m,n).
The doubled degrees of freedom of the vector potential allow one to completely describe both the dynamical evolution
as well as the statistical correlation.25,26 We define the source and the physical component of the vector potential as
Asα(t) ≡
1
2
[
A−α (t)−A+α (t)
]
, Apα(t) ≡
1
2
[
A−α (t) + A
+
α (t)
]
, (13)
4respectively. We utilize As(t) to derive the expression of the current-vertex functions and their flow equations. After
deriving all the equations, we take the physically relevant limit As(t)→ 0. As we introduced the bias voltage via the
chemical potentials of the leads and do not consider any further fields, the physical component of the vector potential
is set to zero as well. The source and physical components of the current-vertex functions are defined as
(
γ(0,1)
)s
α
(t) ≡ δΓ
δAsα(t)
∣∣∣∣
A∓α=0
,
(
γ(0,1)
)p
α
(t) ≡ δΓ
δApα(t)
∣∣∣∣
A∓α=0
, (14)
respectively. The components of the higher order current-vertex functions are defined in the same way. Then, the
current noise can be written as27
Sαα′(t, t
′) ≡ 〈Iα(t)Iα′ (t′)〉+ 〈Iα′ (t′)Iα(t)〉 − 2〈Iα(t)〉〈Iα′ (t′)〉
= S0αα′(t, t
′) + SUαα′(t, t
′), (15)
where the two terms are defined as
S0αα′(t, t
′) ≡ 1
2
∫
dt1dt
′
1G
ν1ν
′
1
i1i′1
(t1, t
′
1)σ
ν′1ν
′
1
z
(
γ(2,2)res
)ν′1ν1;ss
i′1i1;αα
′
(t′1, t1; t, t
′)σν1ν1z
+
1
2
∫
dt1dt2dt
′
1dt
′
2G
ν2ν
′
1
i2i′1
(t2, t
′
1)σ
ν′1ν
′
1
z
(
γ(2,1)res
)ν′1ν1;s
i′1i1;α
(t′1, t1; t)σ
ν1ν1
z
×Gν1ν′2i1i′2 (t1, t
′
2)σ
ν′2ν
′
2
z
(
γ(2,1)res
)ν′2ν2;s
i′2i2;α
′
(t′2, t2; t
′)σν2ν2z , (16)
SUαα′(t, t
′) ≡ 1
2
∫
dt1dt2dt
′
1dt
′
2G
ν2ν
′
1
i2i′1
(t2, t
′
1)σ
ν′1ν
′
1
z
(
γ¯(2,1)
)ν′1ν1;s
i′1i1;α
(t′1, t1; t)σ
ν1ν1
z
×Gν1ν′2i1i′2 (t1, t
′
2)σ
ν′2ν
′
2
z
(
γ(2,1)res
)ν′2ν2;s
i′2i2;α
′
(t′2, t2; t
′)σν2ν2z , (17)
with (
γ¯(2,1)
)ν′1ν1;s
i′1i1;α
(t′1, t1; t) ≡
(
γ(2,1)
)ν′1ν1;s
i′1i1;α
(t′1, t1; t)−
(
γ(2,1)res
)ν′1ν1;s
i′1i1;α
(t′1, t1; t). (18)
Here, γ
(2,n)
res (for n > 0) is the noninteracting part of the
(2+n)-point current-vertex function. Thus γ¯(2,1) defined
in Eq. (18) is the interaction induced part of the three-
point vertex function. In Eqs. (16) and (17) the repeated
Keldysh indices ν = ∓ and site indices are summed over.
The first term S0 on the right-hand side of Eq. (15) is
called the bubble term, while the second SU is the vertex
correction to the noise. Their diagrammatic representa-
tions are shown in Fig. 2. The effect of the repulsive in-
teraction is included in the self-energy of the propagator,
ΣU = G
−1
0 − γ(2,0), and the three-point vertex function,
γ(2,1), both being determined by the FRG approach.
FIG. 2. Diagrammatic representation of the current noise.
The circle represents the three-point vertex function. The left
diagram is called the bubble term, while the right is called the
vertex correction.
C. Functional renormalization group approach
In setting up the functional renormalization group
approach,22 we use a reservoir cutoff as the flow
parameter.23,24 The Kubo-Martin-Schwinger (KMS) con-
dition is automatically preserved in this scheme, which
is important to perform calculations consistent with the
fluctuation dissipation theorem in the limit V → 0. The
flow parameter is introduced as an additional tunneling
self-energy,
Σ
r
aux,Λ(ω) = −
iΛ
2
1, (19)
Σ
K
aux,Λ(ω) = iΛ [2faux(ω)− 1]1, (20)
where faux(ω) is the Fermi-Dirac distribution function of
the auxiliary structureless reservoirs and 1 is the identity
matrix of dimension 3. It was examined earlier that re-
sults for the current are independent of the choice of the
temperature in the auxiliary reservoirs.28,29 In this pa-
per, we utilize the auxiliary reservoirs with infinite tem-
perature and thus faux(ω) = 1/2. This simplifies the flow
equations as the Keldysh component of the auxiliary self-
energy vanishes. The full Green’s function is obtained by
5the Dyson equation
(GrΛ)
−1
(ω) = (Gr0)
−1
(ω)−Σraux,Λ(ω)−ΣrU,Λ(ω), (21)(
GKΛ
)
(ω) = GrΛ(ω)
[
Σ
K
res(ω) +Σ
K
U,Λ(ω)
]
GaΛ(ω). (22)
The scale-dependent propagator SΛ(τ, τ
′) appearing in
the RG flow equations (see below) is defined as
SΛ(τ, τ
′) ≡
∫
dτ1dτ2GΛ(τ, τ1)
dΣaux,Λ(τ1, τ2)
dΛ
GΛ(τ2, τ
′).
(23)
with components
SrΛ(ω) =
−i
2
GrΛ(ω)G
r
Λ(ω), (24)
SKΛ (ω) =
−i
2
GrΛ(ω)G
K
Λ(ω) +
i
2
GKΛ(ω)G
a
Λ(ω). (25)
We consider the model with Λinit → ∞ as the initial
one of the flow, as all the vertex functions can be cal-
culated exactly in this limit. The initial conditions of
the self-energy and the vertex functions are summarized
in Appendix A. The set of coupled flow equations has
to be integrated down to Λ = 0, at which the auxiliary
reservoirs are decoupled and the cutoff-free problem of
interest is restored.
In order to implement numerical calculations, we need
to truncate the infinite hierarchy of the flow equations
to a given order. In this paper, we use the lowest order
truncation, which is known as the static approximation,22
to determine the flow equations of the self-energy and
current-vertex functions. Flow equations are truncated
at the first order in the interaction, U . The remain-
ing terms are the Hartree-Fock-type diagram for the self-
energy – we note that due to the underlying RG proce-
dure our approximation is not equivalent to the Hartree-
Fock approximation – and the RPA-type diagram for the
vertex function. The diagrammatic representation of the
flow equations is given in Fig. 3. In spite of this sim-
ple treatment, this approximation for the self-energy is
known to describes the rich properties of nonequilibrium
transport due to the built-in renormalization.22 In partic-
ular, logarithmic divergences found in the scaling limit of
the IRLM in plain perturbation theory are consistently
resummed to power laws.6 The current-vertex function
has not yet been treated within the present truncated
FRG scheme, and its role for the current noise is dis-
cussed below. We note that higher order corrections can
be systematically included in principle by incorporating
flow equations of higher order vertices.
The flow equation of the four-point vertex function
is ignored in the static approximation, and its value is
replaced by the initial one which is given by the anti-
symmetrized bare two-particle interaction Uik;jl (see Ap-
pendix A).
The flow equation of the self-energy is obtained as (re-
peated site indices are summed over)
d
dΛ
(
Σ
r
U,Λ
)
ij
=
iUik;jl
2
∫
dω
2π
(
SKΛ
)
lk
(ω). (26)
(a) (b)
FIG. 3. Diagrammatic representation of the flow equations
of (a) the self-energy and (b) the three-point current-vertex
function in the static approximation. The square represents
the two-particle interaction.
Within the present approximation, the self-energy is fre-
quency independent due to the structure of the right-
hand side. Hence, single-particle Green’s functions can
be interpreted as effective noninteracting ones with renor-
malized parameters.
The flow equation of the retarded component of the
interaction-induced part of the three-point vertex func-
tion [see Eq. (18)] is given by
d
dΛ
(
γ¯
(2,1)
Λ
)r;s
ij;L
=
iUik;jl
2
[(
Φ
(2,1)
Λ
)K
lk
+
(
Φ
(2,1)
Λ
)K˜
lk
]
,
(27)
with(
Φ
(2,1)
Λ
)K
≡
∫
dω
2π
[
SrΛ(ω)
(
γ
(2,1)
Λ
)r;s
;L
GKΛ(ω)
+ SKΛ (ω)
(
γ
(2,1)
Λ
)a;s
;L
GaΛ(ω) + S
r
Λ(ω)
(
γ
(2,1)
Λ
)K;s
;L
GaΛ(ω)
+SKΛ (ω)
(
γ
(2,1)
Λ
)K˜;s
;L
GKΛ(ω) + (S ↔ G)
]
, (28)
and(
Φ
(2,1)
Λ
)K˜
≡
∫
dω
2π
[
SaΛ(ω)
(
γ
(2,1)
Λ
)K˜;s
;L
GrΛ(ω) + (S ↔ G)
]
. (29)
The abbreviation (S ↔ G) denotes the terms which are
obtained by mutually replacing S andG in the preceding
ones in the same parenthesis. Similarly, the flow equation
of the Keldysh component is obtained as
d
dΛ
(
γ¯
(2,1)
Λ
)K;s
ij;L
=
iUik;jl
2
[(
Φ
(2,1)
Λ
)r
lk
+
(
Φ
(2,1)
Λ
)a
lk
]
.
(30)
with (
Φ
(2,1)
Λ
)r
≡
∫
dω
2π
[
SrΛ(ω)
(
γ
(2,1)
Λ
)r;s
;L
GrΛ(ω)
+SKΛ (ω)
(
γ
(2,1)
Λ
)K˜;s
;L
GrΛ(ω) + (S ↔ G)
]
, (31)
and (
Φ
(2,1)
Λ
)a
≡
∫
dω
2π
[
SaΛ(ω)
(
γ
(2,1)
Λ
)a;s
;L
GaΛ(ω)
+SaΛ(ω)
(
γ
(2,1)
Λ
)K˜;s
;L
GKΛ(ω) + (S ↔ G)
]
. (32)
6Again, repeated site indices are summed over. The argu-
ment of the three-point vertex functions is omitted as
these turn out to be independent of frequency in the
static approximation. In contrast to the self-energy, these
vertex functions do not have a simple interpretation in
reference to a noninteracting model.
Using the initial condition and the flow equation, we
can prove that the three-point current-vertex functions
fulfill the symmetry relations
[(
γ
(2,1)
Λ
)r;s
ij;L
]
∗
= −
(
γ
(2,1)
Λ
)a;s
ji;L
, (33)[(
γ
(2,1)
Λ
)K;s
ij;L
]
∗
=
(
γ
(2,1)
Λ
)K;s
ji;L
, (34)
[(
γ
(2,1)
Λ
)K˜;s
ij;L
]∗
=
(
γ
(2,1)
Λ
)K˜;s
ji;L
. (35)
In the static approximation, we can derive the additional
relations (
γ¯
(2,1)
Λ
)r;s
ij;L
=
(
γ¯
(2,1)
Λ
)a;s
ij;L
, (36)
(
γ¯
(2,1)
Λ
)K;s
ij;L
=
(
γ¯
(2,1)
Λ
)K˜;s
ij;L
. (37)
Hence, it is sufficient to determine the retarded and the
Keldysh component of the three-point vertex function.
We determine the self-energy and the three-point
current-vertex functions by solving these flow equations
numerically, and use the Λ = 0 functions in the formula
of the current noise given in Eqs. (15)-(18). Details of
the numerical implementation are given in Appendix B.
III. RESULTS
A. A consistency check for the current
There have already been an extensive number of stud-
ies on the steady-state current of the IRLM to elucidate
its rich properties.2–9 We here focus on the case of the
bandwidth ∆ being much larger than the other energy
scales of the problem. It is known as the scaling limit,
and universal features of the steady-state current, such
as the power-law behavior at large bias voltages, mani-
fest themselves.2–4,6–9 In an earlier FRG approach, the
current was computed from the self-energy employing
the Meir-Wingreen formula.30 In this subsection, it is
discussed that an alternative FRG formulation can be
developed in which a flow equation for the current is
derived and solved. We show that both schemes pro-
vide the same results up to linear order in U , which is
the one to which our truncation is controlled. As the
flowing current-vertex functions derived above enter the
flow equation for the current this provides a nontrivial
consistency-check of our formulation later used to study
the noise.
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FIG. 4. (Color online) The dependence of I¯ on the dimen-
sionless interaction u for various V . The unit of energy, TK,
is introduced in Sec. III B. The parameters are t/∆ = 0.001,
ǫ/TK = 0, and T/TK = 0.
The explicit expression of the current using the Meir-
Wingreen formula is given as
IMWΛ =
1
2π
∫
dω
[
TΛLR(ω)(fL(ω)− fR(ω))
+TΛLaux(ω)(fL(ω)− faux(ω))
]
, (38)
with
TΛLR(ω) =∆L∆R (G
r
Λ)13 (ω) (G
a
Λ)31 (ω), (39)
TΛLaux(ω) =∆LΛ (G
r
ΛG
a
Λ)11 (ω). (40)
This should be equivalent to the current obtained by solv-
ing its flow equation, which is denoted by IflowΛ . If we
focus on their difference, i.e., I¯Λ ≡ IMWΛ − IflowΛ , its flow
equation is given by
dI¯Λ
dΛ
=
−i
2
∫
dω
2π
(SΛ)
r
ij (ω)
(
γ¯
(2,1)
Λ
)r;s
ji;L
(ω;ω; 0)
− i
2
∫
dω
2π
(SΛ)
a
ij (ω)
(
γ¯
(2,1)
Λ
)a;s
ji;L
(ω;ω; 0)
− i
2
∫
dω
2π
(SΛ)
K
ij (ω)
(
γ¯
(2,1)
Λ
)K˜;s
ji;L
(ω;ω; 0)
+
i
2
∆L
∫
dω
2π
(
(2fL(ω)− 1)
[(
GrΛ
dΣrU
dΛ
GrΛ
− GaΛ
dΣaU
dΛ
GaΛ
)
11
(ω)
](
GrΛ
dΣrU
dΛ
GKΛ
)
11
(ω)
−
(
GKΛ
dΣaU
dΛ
GaΛ
)
11
(ω)
)
, (41)
with initial condition I¯Λinit = 0. As mentioned above, it
contains the flowing current-vertex function γ¯
(2,1)
Λ . The
right-hand side is zero if the infinite hierarchy of flow
equations is kept, but may become finite if we use ap-
proximations, e.g., the static one.
Equation (41) together with the expression for the self-
energy Eq. (26) as well as the vertex functions Eqs. (27)
and (30) can be solved numerically. The resulting value
of the relative difference,
∣∣I¯∣∣ /IMW as a function of the
dimensionless interaction u ≡ U/∆ is plotted in Fig. 4.
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FIG. 5. (Color online) The dependence of noise and its
logarithmic derivative on V for various u. The parameters
are ǫ/TK = 0, t/∆ = 0.001, and T/TK = 0.
Within the static approximation the difference should be
of second order in u, i.e., I¯ ≡ I¯Λ=0 = O(u2), which is
consistent with the results shown in Fig. 4 for various V .
This finding indicates that we can consistently determine
the current by solving its flow equation and that the flow
of the current-vertex function was properly implemented.
As briefly discussed in the next section, which is mainly
on the noise, we can reproduce all the known results for
the current, e.g., power-law scaling with a U -dependent
exponent at large voltages from IflowΛ .
B. On-resonance current noise
It was established by previous works that the low-
energy physics of the IRLM is governed by a single energy
scale, TK (see, e.g., Ref. 6). Here this universal energy
scale is introduced as TK ≡ 8|t¯ren|2/∆ with the renor-
malized hopping amplitude t¯ren ≡ t + Σr12|T=V=ǫ=0 at
the end of the RG flow. An alternative definition using
the susceptibility is discussed in Appendix C. The cur-
rent shows a crossover from the linear response regime to
power-law decay4,6 at V ≃ TK. Hence, it is natural to ex-
pect TK as the characteristic energy scale of the current
noise as well. It is sufficient to focus on the component
S ≡ SLL(ω = 0) due to the charge conservation. In this
subsection we consider the transport on resonance with
ǫ = 0.
The dependence of the temperature T = 0 zero-
frequency current noise obtained by numerically solv-
ing the flow equations (for details of the implementa-
tion see Appendix B) on the bias voltage V is shown
in Fig. 5 for various u. The logarithmic derivative
d log[S(V )]/d log(V ), approximated by centered differ-
ences, is shown in the same figure. If S(V ) is governed by
power-law behavior, the exponent can be read off from
the plateau value of this quantity. From this, it is evident
that S(V ) is proportional to V 3 for small V . The curves
for the current noise collapse into a single one in the lin-
ear response regime (V ≤ TK) if properly scaled by TK.
This indicates that the prefactor of the leading (V/TK)
3
behavior of the noise is independent of the two-particle
interaction. For u = 0 the noise computed by FRG agrees
with the analytic expression given in Ref. 31. The latter
is shown as the thick dashed line in Fig. 5.
It is well established that the T = 0 current shows
power-law suppression at high bias voltages,
I/TK ∼ (V/TK)αI , (42)
with an interaction-dependent exponent which to leading
order in u is given by
αI = −4u
π
. (43)
The constant logarithmic derivative at large bias voltages
in Fig. 5 indicates that the current noise exhibits power-
law behavior in the same regime as well:
S/TK ∼ (V/TK)αS . (44)
The logarithmic derivatives of the current and noise are
compared in Fig. 6. The dashed lines in Fig. 6(a) and
the solid line in Fig. 6(b) indicate the exponent Eq. (43).
For the current, this value can be obtained analytically
using FRG.6 The logarithmic derivative of the noise is
found to reach the same value as that of the current at
sufficiently large bias voltages. Previous works employ-
ing FRG showed that the behavior of the current can be
understood from an effective noninteracting model with
renormalized parameters, in particular a renormalized
level-lead hopping.6 As the current-vertex corrections en-
ter the expression for the noise, it is not obvious that a
similar mapping can be used for the noise. The contri-
bution of the vertex correction to the current noise is
discussed in more detail in the next section.
We show plots of the noise as a function of V for var-
ious temperatures in Fig. 7. The black dashed lines
in Fig. 7(a) are the thermal noise calculated via the
fluctuation-dissipation theorem Sth = 4GT for each tem-
perature with the linear conductance defined (and nu-
merically computed) as G ≡ d I/dV |V=0. The excel-
lent agreement confirms that the current noise obeys
the fluctuation dissipation relation in the zero-bias limit,
S(V/TK → 0) = 4GT . The crossover from thermal to
shot noise occurs around voltages which fulfill S3V
3 ∼
TG, where S3 is the coefficient of the V
3 term in the
current noise S. The independence of the coefficient S3
on u in the low-bias regime is discussed later in detail.
The power-law behavior at large voltages is observed
for temperatures sufficiently lower than TK. The cur-
rent noise calculated at temperatures larger than TK is
shown in Fig. 7(b). The power-law decay at high bias
voltages survives even in this limit if the bias voltage is
larger than T . In other words, the current noise exhibits
power-law decay at sufficiently large voltages which sat-
isfy V ≫ max{T, TK}. Due to this renormalization ef-
fect, the value of the current noise at high voltages can
become even smaller than the value in the zero bias limit.
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FIG. 6. (Color online) (a) The dependence of the logarithmic derivative of the current and noise on V for various u. (b) The
exponents at large bias voltages for various u. The parameters are ǫ/TK = 0, t/∆ = 0.001, and T/TK = 0.
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FIG. 7. (Color online) The dependence of the noise on V for (a) T < TK and (b) T > TK for various u and T . The parameters
are ǫ/TK = 0 and t/∆ = 0.001.
We note, however, that the current is suppressed as well
with the same exponent.
The dependence of the equilibrium thermal noise on T
is shown in Fig. 8. Except for the vertex correction, which
is irrelevant at small voltages (see below) the thermal
noise is written as
Sth =
1
π
∫
dωTLR(ω) [fL(ω)(1− fL(ω))
+fR(ω)(1 − fR(ω))] , (45)
with
TLR(ω) ≡ ∆L∆R (Gr)13 (ω) (Ga)31 (ω). (46)
Hence, the numerically observed power-law decay at high
temperature in Fig. 8 can be understood as a renormal-
ization of the transmission amplitude. As is shown in the
figure, the thermal noise can be exactly translated into
the linear conductance via the fluctuation-dissipation re-
lation, 4GT . This is owing to the reservoir cutoff scheme,
in which the KMS condition is guaranteed.
C. The effective charge
The ratio between the noise and the current can be
interpreted as an effective charge of carriers when the
transport is governed by Poisson statistics.10 On reso-
nance, the effective charge is defined as the ratio between
the noise and the backscattering current.18,19 For u = 0,
the IRLM becomes the resonant level model and can be
solved exactly. In this case, the effective charge e∗ is e.
Another solvable point is the self-dual one18,19 reached
at relatively large interaction. At this, field theoretical
techniques and the density-matrix renormalization group
approach were utilized to show that the effective charge
is 2e. It is, however, unknown, how e∗ crosses over from
e to 2e when u is increased. In this subsection, we study
this issue using FRG. Since our scheme is based on an
expansion in terms of the interaction strength (on the
right-hand side of RG flow equations), we are bound to
small-to-intermediate u.
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noise S on T for various u. The parameters are ǫ/TK = 0,
V/TK = 0, and t/∆ = 0.001.
10
-2
10
-1
10
0
0.	
0.7
0.

0.
1.0
FIG. 9. (Color online) The dependence of the ratio between
the noise and the backscattering current on V for various u.
The parameters are ǫ/TK = 0, t/∆ = 0.001, and T/TK = 0.
The effective charge is defined as
e∗ = lim
V→0
S(V )
2IBS(V )
, (47)
with the backscattering current
IBS ≡ GV − I. (48)
The dependence of the ratio S/2IBS on V is shown in
Fig. 9 for various u. It is evident that the value of e∗/e
can be reliably read off at V/TK = 10
−2. Obviously e∗
does not depend on the interaction in our approximation,
from which we conclude that e∗/e = 1 + O (u2) as all
terms to linear order in u are kept in the truncated RG
equations.
This numerical observation can be substantiated by
analytic considerations. We first discuss the relation
between the effective charge and the vertex correction.
The transmission amplitude Eq. (46) can be expanded in
terms of the bias voltage as
TLR(ω) = T
(0)
LR (ω)− T (2)LR (ω)
(
V
TK
)2
+ · · · , (49)
in the linear-response regime (V < TK). If the bias volt-
age is much smaller than the scale of the energy depen-
dence of the transmission amplitude (V ≪ TK), the cur-
rent can be evaluated at the Fermi energy as
I
TK
=
1
2π
[
T
(0)
LR
V
TK
− T (2)LR
(
V
TK
)3]
. (50)
Since we are considering the on-resonance case, the
zeroth-order coefficient T
(0)
LR is unity. The leading term
of the backscattering current is thus
IBS
TK
=
1
2π
T
(2)
LR (0)
(
V
TK
)3
. (51)
We expand the (odd) backscattering current as
IBS = G3
(
V
TK
)3
+G5
(
V
TK
)5
+O
((
V
TK
)7)
. (52)
From field theoretical considerations32 it is known that
the backscattering current is given by
2πIBS
TK
=
1
3
[
1 +O(u2)] ( V
TK
)3
− 1
5
[
1− 20
3
u
π
+O(u2)
](
V
TK
)5
+O
([
V
TK
]7)
. (53)
This analytical result can also be obtained by FRG (see
endnote [52] of Ref. 32; for a similar analysis of the cur-
rent as function of temperature see Ref. 29). By compar-
ing the coefficients in Eq. (53) with those in Eq. (52), we
find
G3
TK
=
1
2π
T
(2)
LR (0) =
1
6π
, (54)
independent of U . We note in passing that this result can
be reproduced by our numerical calculations as shown in
Fig. 10(a) if TK is properly chosen (see Appendix C).
This exemplifies that our numerics gives highly accurate
results and that coefficients of expansions in V/TK can
be reliably determined.
Considering the above discussion and the definition
of e∗, the remaining question is whether the leading
(V/TK)
3 term in the current noise, S3, has an order u
correction or not. We already mentioned above that this
does not seem to be the case [see Fig. 5]. To analyze this
further, we show the dependence of S3 on bias voltage
V in Fig. 10(b). The third-order coefficient S3 is inde-
pendent of the interaction strength at low bias voltages,
which is consistent with the result of e∗/e shown in Fig. 9.
In the subsequent discussion, we give a microscopic
explanation of the u independence of the third-order
coefficient, S3, by dividing the noise into the bubble
term and the vertex correction. If we denote the bub-
ble and vertex correction terms by S0 ≡ S0LL(ω = 0) and
10
10
-2
10
-1
10
0
0.030
0.035
0.00
0.05
0.050
0.055
10
-2
10
-1
10
0
0.0
0.05
0.0
0.0
0.0
0.0
0.10
0.11
(a) (b)
Ref. [30]
Ref. [30]
FIG. 10. (Color online) (a) The dependence of the third order coefficient of the (a) current G3 and (b) noise S3 on V for
various u. The parameters are ǫ/TK = 0, t/∆ = 0.001, and T/TK = 0.
SU ≡ SULL(ω = 0), respectively, the current noise can be
written as
S = S0 + SU . (55)
At zero-temperature, the bubble term is given as
S0 =
1
π
∫ V/2
−V/2
dω TLR(ω) [1− TLR(ω)] . (56)
If we ignore the frequency dependence of the transmission
amplitude, we obtain
S0
TK
=
1
π
V
TK
TLR(0) [1− TLR(0)] . (57)
Since we are considering the on-resonance case [T
(0)
LR (0) =
1], the contribution linear in V to the bubble term van-
ishes. The lowest order contribution in V is thus
S0
TK
=
1
π
(
V
TK
)3
T
(2)
LR (0)
[
2T
(0)
LR (0)− 1
]∣∣∣∣∣
T
(0)
LR
(0)=1
=
1
π
(
V
TK
)3
T
(2)
LR (0). (58)
With this, the effective charge is obtained as
e∗ =
S
2IBS
∣∣∣∣
V=0
= 1 +
SU
2IBS
∣∣∣∣
V=0
= 1 +
3πSU
(V/TK)
3
∣∣∣∣∣
V=0
. (59)
This relation shows that the U dependence of the effec-
tive charge is incorporated via the vertex correction SU
analyzed next.
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FIG. 11. (Color online) The vertex correction calculated us-
ing a FRG scheme and a plain perturbation theory for various
t as a function of V . The parameters are u = 0.1, ǫ/TK = 0,
and T/TK = 0.
The current-vertex functions enter the expression for
the vertex correction SU [see Eq. (17)]. The three-point
vertex function can be computed in two different ways
by either plain perturbation theory or by solving its flow
equations (27) and (30). It is well established that the
self-energy computed in leading order perturbation the-
ory in u is plagued by a logarithmically divergent term.6
To avoid this known problem in a perturbative compu-
tation of SU , depicted in the right diagram of Fig. 2, we
dressed the two propagators by the self-energy computed
within FRG. This way we single out possible problems
of a perturbative calculation of the three-point vertex
function itself. The dependence of SU on V obtained by
perturbation theory and FRG is shown in Fig. 11 for dif-
ferent t/∆. In both computations, the vertex correction
scales as V 4 for small V , which is subleading compared
with the bubble term which goes as V 3. A significant
difference is that the results obtained by perturbation
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FIG. 12. (Color online) The vertex correction divided by u2
calculated using our FRG scheme for various u as a function of
V . The parameters are ǫ/TK = 0, t/∆ = 0.001, and T/TK =
0.
theory becomes gradually larger the deeper one goes into
the scaling limit t/∆ ≪ 1. The vertex corrections cal-
culated using FRG for the three-point vertex are free of
this problem and collapse into a single curve if rescaled
by TK. This indicates that, in analogy to the self-energy,
the FRG regularizes the divergences of the vertex correc-
tion.
The vertex correction fully computed by FRG and di-
vided by u2 is plotted for various u in Fig. 12. From
this figure, it is evident that SU depends on u and V
as |SU | /TK ∝ u2(V/TK)4. Because of the u2 prefactor
in the linear response regime (V < TK), the vertex cor-
rection is not under control within the static approxima-
tion which only contains all terms to order u. However,
the vertex correction does not contribute to the effective
charge because it is of order V 4 while the bubble term
scales as V 3 [see Eq. (59)].
D. Off-resonance current noise
In this subsection, we investigate the current noise
away from the particle-hole symmetric point (ǫ 6= 0).
We start out by considering the current noise with the
three-point vertex functions calculated using plain per-
turbation theory, but with all propagators dressed by the
FRG self-energy [see above]. The noise as a function of
voltage for different u and t/∆ is shown in Fig. 13(a). If
the level energy aligns with one of the leads chemical po-
tentials (ǫ ∼ ±V/2) a peak develops. The peak exhibits
divergent behavior for decreasing t/∆, that is, when go-
ing into the scaling limit, at fixed u. We reemphasize
that this divergence originates from the vertex function,
as logarithmic divergences of the self-energy have already
been removed by employing the FRG self-energy. The
vertex correction to the noise SU divided by u is shown
in Fig. 13(b). From this we conclude that the term di-
verging for t/∆ → 0 has a prefactor u. Plain perturba-
tion theory can thus not be used to study the current
noise away from particle-hole symmetry in the scaling
limit even for very small u.
The current noise and its vertex correction determined
by our FRG scheme are shown in Fig. 14. The vertex
functions are obtained by solving their flow equations
Eqs. (27) and (30). The divergent behavior of the current
noise observed in Fig. 13(a) is essentially removed for the
curves in Fig. 14(a). Further down we comment on the
weak features still visible in the regime ǫ ∼ ±V/2. This
indicates that, as for the self-energy (and thus the current
when employing the Meir-Wingreen formula), the RG-
based scheme regularizes the leading-order divergences.
To further analyze this the vertex correction to the noise
SU divided by u
2 is shown in Fig. 14(b). This figure in-
dicates that the divergence with prefactor u of first order
perturbation theory (see Fig. 13(b)) is pushed to order
u2 within FRG. As our truncation does not contain all
terms O(u2) we do not control SU to this order. This
second order divergence in SU manifests as the artificial
dip of the noise for u = 0.02 and t/∆ = 0.001 and the
shoulders for the other parameter sets found in Fig. 14(a).
When next considering larger interactions we thus take
t/∆ = 0.01 instead of 0.001 as before to avoid this order
u2 artifact.
The current noise as a function of V is shown in Fig. 15
for a variety of u. The current noise is proportional to
V in the linear-response regime (see the plot for V < TK
as well as the analytic considerations in Sec. III C). At
large bias voltages, the current crosses overs to a power-
law decay with an interaction-dependent exponent. The
exponent agrees with the one found for ǫ = 0: αS =
−4u/π. This is in accordance with our intuition that the
bias voltage dominates the transport for V ≫ ǫ.
The dependence of the current noise on ǫ at fixed V
is shown in Fig. 16. It is independent of ǫ for ǫ ≪ V
as the level is placed inside the bias window. The noise
starts to decrease when the level energy is beyond the
bias window (ǫ & V/2). The weak features found when
the level is aligned with one of the lead chemical poten-
tials were discussed above. For large ǫ ≫ TK, the noise
crosses over to a power-law decay as a function of ǫ as
the renormalization of the hoping amplitude is cut by
the level position in this case. For u = 0 the exponent is
−2 and the interacting part of the exponent is found to
be twice that of the V dependence; see the logarithmic
derivative shown in Fig. 16 for ǫ/TK ≤ 1 and ǫ/TK ≥ 10.
IV. SUMMARY
In the present paper, we have developed a FRG
scheme to describe the current noise of the nonequilib-
rium IRLM. The coupled set of flow equations of the
current-vertex functions and the self-energy are derived
and solved to determine the current noise within the
lowest-order approximation in the two-particle interac-
tion.
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FIG. 13. (Color online) (a) The current noise and (b) the vertex correction calculated from a plain perturbation theory for
various u and t away from the particle-hole symmetric point as a function of V . The parameters are ǫ/TK = 10 and T/TK = 0.
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FIG. 14. (Color online) (a) The current noise and (b) the vertex correction divided by u2 calculated using our FRG scheme for
various u and t away from the particle-hole symmetric point as a function of V . The parameters are ǫ/TK = 10 and T/TK = 0.
The vertex correction of the current noise shows diver-
gent behavior in the scaling limit, if it is calculated using
plain perturbation theory. This divergence is removed in
our FRG method at the particle-hole symmetric point,
which makes it possible to perform a reliable analysis in
the deep scaling limit. In this regime, the current noise is
found to show a power-law decay at high voltages char-
acterized by the same exponent as that of the current.
This property is robust against temperature. The effec-
tive charge of the IRLM at the particle-hole symmetric
point can be reliably extracted and is found to be inter-
action independent to linear order. This behavior can be
understood from the properties of the vertex contribu-
tion to the noise by combining analytical arguments and
the numerical results.
The current noise away from the particle-hole symmet-
ric point determined by plain perturbation theory shows
a severe leading order divergence, which originates from
the current-vertex correction. We showed that the di-
vergent term which is proportional to u is consistently
removed in our scheme and pushed to order u2; this lies
beyond our control. Although the remaining order u2
divergence is an obstacle to calculate the current noise
for the particle-hole asymmetric case in the scaling limit
(t/∆≪ 1), we obtain reliable results down to t/∆ = 0.01.
We showed that the current noise shows a power-law de-
cay for max{V, ǫ} ≫ TK.
The present paper shows that the FRG method allows
one to reliably calculate the current noise in the scaling
regime. A higher order FRG calculation – possible in
principle, complicated in practice – would be desirable
to further elucidate the crossover of the effective charge
from the noninteracting case (e∗/e = 1) to the self-dual
point (e∗/e = 2) at relatively large u. Furthermore, the
higher order contributions need to be taken into account
in order to remove a diverging term of order u2 away from
particle-hole symmetry and discuss the current noise in
the deep scaling limit for this case. Another step for the
future would be to extend the FRG treatment to deter-
mine the full counting statistics of interacting fermion
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Appendix A: Initial conditions
The initial condition of the self-energy for Λinit → ∞
is written as
(
Σ
r
U,Λinit
)
11
(ω) = U1n2, (A1)(
Σ
r
U,Λinit
)
22
(ω) = U1n1 + U3n3, (A2)(
Σ
r
U,Λinit
)
33
(ω) = U3n2, (A3)(
Σ
K
U,Λinit
)
ij
(ω) = 0, (A4)
where ni is the occupation of the ith site.
By a simple diagrammatic argument,24 current-vertex
functions are found to be identical to those of the nonin-
teracting system in the limit of Λinit →∞;
(
γ
(2,n)
Λinit
)ν′1ν1;s···s
ij;α1···αn
(t′1, t1; t
′′
1 · · · t′′n)
=
(
γ(2,n)res
)ν′1ν1;s···s
ij;α1···αn
(t′1, t1; t
′′
1 · · · t′′n) (for n > 0). (A5)
The noninteracting current-vertex functions can be de-
termined using the Ward-Takahashi identity
(
γ(2,1)res
)
11;L
(τ ′, τ ; τ ′′)
= i [δ(τ ′, τ ′′)− δ(τ, τ ′′)] (Σres)11 (τ ′, τ). (A6)
The other components of the three-point vertex functions
are zero because the source field AL(τ) is only included in
the (1,1)-component of the tunneling self-energy Eq. (5).
The initial conditions of the three-point current-vertex
functions are obtained as
(
γ
(2,1)
Λinit
)r;s
ij;α1
(ω1, ω1; 0) = −δi1δj1δα1L∆L(1 − 2fL(ω1)),
(A7)(
γ
(2,1)
Λinit
)a;s
ij;α1
(ω1, ω1; 0) = δi1δj1δα1L∆L(1− 2fL(ω1)),
(A8)(
γ
(2,1)
Λinit
)K;s
ij;α1
(ω1, ω1; 0) = −δi1δj1δα1L∆L, (A9)(
γ
(2,1)
Λinit
)K˜;s
ij;α1
(ω1, ω1; 0) = δi1δj1δα1L∆L. (A10)
Here, we show only the case with ω1 = ω
′
1 because we fo-
cus on the zero-frequency current noise in this paper. We
note that
(
γ
(2,1)
Λinit
)K˜;s
does not need to be zero. The multi-
point current vertices are determined by recursively using
the Ward-Takahashi identity, and the initial conditions
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for four-point current-vertex functions are(
γ
(2,2)
Λinit
)r;ss
ij;α1α2
(ω1, ω1; 0, 0) = 2iδi1δj1δα1Lδα2L∆L,
(A11)(
γ
(2,2)
Λinit
)a;ss
ij;α1α2
(ω1, ω1; 0, 0) = −2iδi1δj1δα1Lδα2L∆L,
(A12)(
γ
(2,2)
Λinit
)K;ss
ij;α1α2
(ω1, ω1; 0, 0)
= 2iδi1δj1δα1Lδα2L∆L(1− 2fL(ω1)), (A13)(
γ
(2,2)
Λinit
)K˜;ss
ij;α1α2
(ω1, ω1; 0, 0)
= −2iδi1δj1δα1Lδα2L∆L(1 − 2fL(ω1)). (A14)
The initial conditions of the four-point and higher-
point vertex functions are determined by the bare ac-
tion. If we denote the antisymmetrized bare two-particle
interaction33 by Uij;kl, these vertex functions are written
as (
γ
(4,0)
Λinit
)ν′1ν′2;ν1ν2
ij;kl
(ω′1, ω
′
2;ω1, ω
′
1 + ω
′
2 − ω1)
=
{ −ν′1Uij;kl if ν′1 = ν′2 = ν1 = ν2,
0 otherwise.
(A15)
(
γ
(4,m)
Λinit
)ν′1ν′2;ν1ν2;ν′′1 ···ν′′m
ij;kl;α1···αm
(ω′1, ω
′
2;ω1, ω2;ω
′′
1 , · · · , ω′′m)
= 0 (m > 0). (A16)
Appendix B: Numerical details
For the plots in the main text, we take the error of
solving the set of ordinary differential equations to be
10−6TK. The frequency grid points are determined using
geometric sequences with a scale factor ∆ω = 10−8TK.
The number of the grid points is Ngrid = 4801, which is
sufficient to produce Ngrid independent results. As our
main interest lies in the scaling regime, the band width ∆
should be taken to be large enough for the t/∆ correction
to be negligible. We used ∆ = 104 and 106 for t/∆ = 0.01
and 0.001, respectively.
Appendix C: Definition of TK
Several ways exist to define the emergent low-energy
scale TK. Within the FRG approach the most natural
ones are either by the renormalized hopping amplitude
or the susceptibility. We used the renormalized hopping
amplitude in the main text. The other definition utilized
in previous FRG works is
T susK ≡ −
2
π
(
d〈n2〉
dǫ
∣∣∣∣
T=V=ǫ=0
)
−1
, (C1)
where 〈n2〉 is the occupation of the quantum dot site 2.
Deep in the scaling regime both definitions can equiva-
lently be used when comparing with field theoretical re-
sults obtained for t/∆→ 0. We found that, for the t/∆
reachable by us, results rescaled with the TK derived from
the renormalized hopping show weaker t/∆ corrections
and are thus closer to the field theoretical predictions.
For this reason we used this definition in the main text.
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